When a single incident solitary wave passes over a submerged reef, it disintegrates into a train of solitons (soliton fission), followed by a train of oscillatory waves. One of the major problems in the analysis of the recorded time series is the uncertain identification of the number of solitons N sol in the transmitted wave train behind the reef due to the difficulties to distinguish between solitons and oscillatory waves, especially in the case of breaking waves. With the "nonlinear Fourier transform (NLFT)", an application of the inverse scattering transform (IST) of the Korteweg-de Vries equation, a powerful analysis method is proposed to analyse nonlinear wave processes. Application of the NLFT to the transmitted waves of systematic numerical tests with breaking and non-breaking solitary waves behind a submerged structure (reef) with finite width b r allows to separate distinctly solitons and oscillatory waves. The paper gives an overview over the first NLFT analysis results for the determination of the number of solitons N sol behind the reef. The influence of relative submergence depth d r /h, relative reef width b r /L i and relative incident wave height H i /d r is examined. First recommendations for the distinct identification of the number of solitons arising from the fission using NLFT will also be provided, including the limitations of the method.
INTRODUCTION
The processes of wave transformation over submerged reefs with finite width have been extensively studied for regular and irregular waves (e.g. Bleck & Oumeraci, 2002) as well as for solitary waves (e.g. Strusinska & Oumeraci, 2008) , because they are important for a proper assessment of the hydraulic performance of submerged wave damping structures. For solitary waves only the propagation over submerged reefs with infinite width has been systematically investigated.
When a single solitary waves passes over a submerged reef with infinite width, due to the sudden strong change of the water depth, it becomes a so-called undular bore that will disintegrate into a train of solitons with smaller wave heights (soliton fission), followed by a train of oscillatory waves. These waves, due to their reduced wave energy, can better be handled in terms of shore protection.
Since 2007 experimental small-scale model tests with artificial submerged reefs with finite width have been performed at Leichtweiß-Institute (LWI) (Strusinska & Oumeraci, 2008) . The purpose of these tests was to identify the number of transmitted solitons behind the reef, their wave heights and to determine a design formula that explicitly considers the finite reef width.
One of the major problems during the solitary wave analysis was the reliable distinction of transmitted solitary waves and trailing oscillatory waves from the wave gauge recordings behind the reef, especially in the case of breaking waves.
Since 2008, a "nonlinear Fourier transform" (NLFT) is under implementation at LWI that explicitly considers solitons in the analysis algorithm and is able to reliably identify them in the original data. Applying this advanced powerful analysis method to the data of transmitted waves will help to clearly identify the number of solitons N sol behind the reef and to get reliable data for the development of a design formula. By using a numerical RANS/VOF model (COBRAS-UC), the range of reef widths could be increased, so that the influence of the reef width b r on N sol can be determined. Finally, an approach for the determination of the expected number of solitons behind submerged reefs with finite width can be developed.
SOLITON FISSION OVER SUBMERGED REEFS
The interactions between solitary waves and obstacles with infinite width such as long slopes or coastal shelfs have been described e.g. by Madsen and Mei (1969) , Losada et al. (1989) and SeabraSantos et al. (1987) . Especially the influence of the relative submergence depth d r /h (with d r the submergence depth and h the water depth in front of the obstacle) that is the only governing parameter for the prediction of the number N sol of transmitted solitons over the obstacle is determined. Furthermore, the modification of the wave profiles, the type of wave breaking and the energy balance (reflected, transmitted and dissipated energy) are described. Numerical studies by Lin (2004) compared energy coefficients for reflection, transmission and energy dissipation of rectangular obstacles with finite and infinite widths. Detailed analyses for the influence of the reef width on the number of transmitted solitons behind submerged reefs are not available.
First, the process of soliton fission over reefs with infinite width will be discussed using the example given in Figure 1 . An incident solitary wave with H i = 0.22 m propagates in a water depth of h = 0.6 m towards a submerged reef with height h r = 0.50 m. At t = 10 s the solitary wave is in front of the reef. At t = 20 s the wave passed the reef front and is transformed in a bore that propagates over the reef. The front of the bore is highly turbulent. With increasing distance from the reef front, the fission process takes place and waves are generated at the front of the bore. If the reef length is long enough, a wave train of single (isolated) solitons will evolve from this so-called undular bore. Figure 2 shows the detailed water surface elevation of the soliton fission at the end of the simulation area (x = 100 -125 m, t = 77.0 s). We assume a soliton to be completely separated from the undular bore if the water surface elevation behind the soliton returns to still water level. Visual analysis of the data in Figure 2 shows that at least two solitons have already separated from the undular bore. Figure 1 shows at t = 20s the reflected wave in front of the reef that in this case also is a soliton. It propagates towards the left boundary. The figure at t = 30 s shows the soliton after the reflection at the right side which is defined as closed boundary. This re-reflected solitary wave behaves in the same way as the incident soliton and finally becomes an undular bore over the reef. Depending on the wave properties and the structure geometry, the bore and the evolving solitons can be followed by oscillatory waves.
The expected number of solitons N sol over a reef with infinite width b r =  can be calculated by the following approaches:
Tappert and Zabusky (1971):
Johnson (1972):
Germain (1984) and Kabbaj (1984) :
According to these equations the expected number of solitons is between 9 and 11, followed by oscillatory waves. The equations do not consider the incident wave height H i , the types of wave breaking or the reef width b r .
Design formulae for the number of solitons behind submerged reefs with finite length are not available. The objective of the numerical simulations and analyses that are described here is to obtain first results for the number of transmitted solitons behind submerged reefs and get an improved insight into the governing processes. In this first approach the local processes at the beginning of the reef, such as the type of wave breaking, are assumed to be negligible for the number of transmitted solitons behind the reef.
NONLINEAR FOURIER TRANSFORM
The linear Fourier transform (FT) is the most common analysis method in frequency domain. The measured signal is decomposed into linear basic components (sine and cosine waves). Every basic component is represented in the Fourier spectrum by its characteristic wave parameters amplitude, frequency and phase. The linear superposition of all basic components provides the original signal. However, nearshore shallow water waves differ from linear sinusoidal shape and have nonlinear properties. This leads to mutual wave-wave interactions that can significantly affect the water surface profile which, in case of these wave-wave interactions, does not represent the linear superposition of the basic components any longer. Unfortunately, conventional wave analysis methods as the Fourier, wavelet or Hilbert-Huang transform cannot explicitly consider wave-wave interactions. In contrast, the advanced Nonlinear Fourier Transform (NLFT) explicitly considers these interactions during the analysis.
The initial point of the NLFT is the Korteweg-deVries (KdV) equation (Korteweg & deVries, 1895) that describes the propagation of (cnoidal) waves in shallow water:
The KdV equation can be solved exactly by the Inverse Scattering Transform (IST) (Ablowitz et al., 1973 (Ablowitz et al., , 1974 for periodic boundary conditions by using cnoidal waves (Jacobian elliptic function) η cn,j (x,t) . By using the so-called hyperelliptic functions  j (x,t) as basic components for the analysis, the cnoidal waves are extended by nonlinear wave-wave interaction terms (e.g. Osborne, 1991; Provenzale & Osborne, 1991) . Cnoidal waves represent the physical properties and shape of shallow water waves and include sinusoidal, Stokes and solitary waves, and thus one of the major limitations of conventional FT is overcome. With decreasing wave nonlinearity and decreasing nonlinear wave-wave interactions the hyperelliptic functions approximate the cnoidal waves. For the linear limit the hyperelliptic functions and cnoidal waves become sinusoidal and the NLFT reduces to the conventional FT.
The hyperelliptic functions  j (x,t) can be decomposed into cnoidal waves η cn,j (x,t) and the nonlinear interaction term η int,j (x,t) . The latter describes the modification of the surface profile that is caused by the nonlinear wave-wave interaction. The linear superposition of all cnoidal waves η cn,j (x,t) and its nonlinear interaction terms η int,j (x,t) provides the original data:
To illustrate the benefit of NLFT an example wave train is selected in Figure 3 . Figure 4 shows the corresponding "nonlinear" Fourier spectrum of the selected data. The solitons are considered as basic components in the nonlinear analysis algorithm which are properly identified and represented in the "nonlinear" Fourier spectrum. The NLFT spectrum consists of the "soliton spectrum" with the soliton amplitudes A j (red bars) and the "radiation spectrum" (green line) which contains the amplitudes a j of the oscillatory waves (cosine and cnoidal waves). The soliton index I j (blue dashed line, also called modulus m j ) represents the nonlinearity of the determined basic components. For I j > 0.99 the waves are a solitons, for the limit I = 0 the waves are sinusoidal. For 0 < I j < 0.99 the waves are cnoidal and the nonlinearity of these waves increases with I j . Overall, the application of the NLFT on different space series of incident and transmitted waves showed that the "nonlinear" Fourier spectra are plausible and meet the expectations: (i) the obvious solitons (transmitted and reflected) are identified with correct amplitudes, (ii) the amplitudes of the oscillatory waves are small and (iii) the higher the wave number (i.e. shorter waves) the smaller the modulus m and thus the nonlinearity of the waves.
The application of the NLFT to wave-structure interaction in shallow water and the analysis of this kind of numerical test data are unique. Reference data for numerical boundary conditions or program settings are not available and have to be determined empirically during the ongoing analyses. Comparative analyses with different numerical and artificially generated data have been performed with different settings for the resolutions of the wave numbers k and the resolution Δx of the data confirmed the sensitivity of the algorithm to these boundary conditions. Still, the application of NLFT to the wave-structure interaction is under development and many questions are not answered yet sufficiently. The RANS/VOF model provides detailed information on the wave dynamics (horizontal and vertical velocities) around the reefs that are required for the analyses of the processes during the wavestructure interaction and for the validation of the NLFT analysis results. The NLFT analysis algorithm requires a resolution of Δx = 0.04 m in the space series that is provided by the simulations. The vertical mesh resolution is Δy = 0.015 m.
ANALYSIS OF SOLITON FISSION BEHIND SUBMERGED REEFS
The first visual analysis of numerical simulations of wave-structure interaction between solitons and submerged reefs showed clearly that the processes of soliton fission (e.g. the locations at which the solitons separate from the undular bores and the total number of transmitted waves) depend on the incident soliton wave height H i and the submergence depth d r . Therefore, in the first two steps, the influence of the incident solitary wave height H i on the development of solitons over the reef and the influence of the submergence depth d r over the reef are analysed. Third, the influence of the reef width b r on the number of solitons is determined. Finally, the results of the application of NLFT for the analysis of transmitted solitons N sol behind the submerged reefs with finite width are summarized and an outlook is given. For the analysis of the influence of the incident soliton wave height, the transmitted wave trains at the end of the "infinite" reef at x = 100 -125 m are shown in Figure 7a ). The space series clearly show that the analysed wave trains differ in the number of clearly isolated solitons and waves that have not separated yet. Due to the limited reef width of the "infinite" reef, the possible total number of solitons cannot be determined exactly. Nevertheless, the space series are analysed using Nonlinear Fourier Transform and the results compared. Figure 7c) shows the nonlinear Fourier spectra of the undular bores. The results clearly show that the NLFT is able to determine a large number of solitons from the undular bores, even if the solitons have not completely separated from the bore. Table 1 shows the number of solitons determined by i) visual analysis of the space series, ii) application of NLFT and iii) calculated from Equations (1) -(3). Furthermore, the number of undular waves in the bore is given. The total number of solitons and undular waves observed in the data corresponds very well to the number of solitons found from Equations (1) The analysis of undular bores and soliton wave trains with NLFT showed that the number of determined solitons is larger than the number of solitons that can be observed in the data. For data without bore, the number of solitons is determined more accurately. The reason is the shape of the turbulent bore, that does not correspond to cnoidal wave types. During the NLFT additional solitary waves are generated ("mathematical artefacts") that, if superposed and nonlinear interacting, provide the bore. This effect is similar to the additional sinusoidal wave components that are added in conventional FT if the analysed waves differ from sinusoidal shape. For In this case, the soliton amplitude is overestimated by about 0.032H i . This comparison shows that the NLFT does not distinguish between the solitons that have already separated from the undular bore and the waves inside the bore. The undular waves are regarded as solitons. Due to the close distance between them, they interact nonlinearly and the resulting wave heights in the signal are smaller than they would be if the solitons would have already separated. The nonlinear interaction terms reduce the visible wave height. The higher the waves, the stronger the nonlinear properties and the larger are the interactions. Therefore, the overestimation at H i = 0.08 m is smaller than in the test with higher solitons. To check whether all the other solitons that are determined by the NLFT are mathematical artefacts, or whether these non-visible solitons will evolve from the bore if the reef is wide enough further analyses with more appropriate models would be required.
The comparison of simulation data with different incident wave heights over an infinite reef shows that the number of separated solitons at this location (x = 65 -90 m behind the reef front, i.e. 13 to 21 times the incident wave length) can be determined from observation and by application of the available theoretical formulae. The NLFT determines the separated solitons, the clearly visible waves in the undular bore and an additional number of solitons that represent the rest of the bore. The number of solitons (observed and determined by NLFT) and of the waves in the undular bore at this location depends on the incident wave height.
Influence of relative submergence depth d r /h over the reef on the development of solitons
The relative submergence depth d r /h is the governing variable for the calculation of the number of expected solitons over reefs with infinite width. Figure 8 shows the transmitted wave trains for all incident wave heights H i and all reef heights h r . Within the data for one H i the number of solitons decreases with increasing submergence depth d r (decreasing reef height h r ). Table 2 The results for N sol clearly show the influence of the bore on the number of solitons. Over reefs h r = 0.4 m and 0.3 m no bore is generated and N sol from NLFT corresponds to the solitons observed in the data. Usually, the number of visually observed solitons is smaller than the number determined by NLFT, because in the observation solitons with very small amplitudes can hardly be distinguished from oscillatory waves and therefore, in case of doubt, are assumed to be oscillatory waves.
The Influence of reef width b r on the number of transmitted solitons N sol
The analysis of the influence of the wave height H i and the reef height h r showed that for high reefs, a turbulent bore is generated at the beginning of the reef (see Figure 1 ) that propagates over the reef. If the reef width is large enough, undular waves are generated at the front of the bore that will, if the reef width is long enough, evolve into a train of separated solitons. Table 3 shows the approximate propagation length over the reef i) until at least three undular bores are generated and ii) until the first soliton is separated from the bore. Generally, a reef width of at least 30 m is necessary for the first soliton to separate from the bore or the incident wave after it passed the reef front. Considering the incident wave lengths L i = 6.97 m to 4.20 m, for the required relative reef width applies b r /L i = 4.3 to 7.1). This means that for the generation of a second soliton and depending on H i , the reef width has to be at least more than four times the incident soliton wave length.
To Figure 9 shows the process of solitary wave propagation over a submerged narrow reef with h r = 0.5 m and b r = 2.0 m. At t = 10 s the incident solitary wave is in front of the reef. At t = 18 s the wave passed the reef. In contrast to the processes in Figure 1 the shape of the soliton is conserved. Small oscillatory waves are generated behind the soliton. On the left side of the reef, the reflected soliton propagates toward the left boundary. The figure at t = 25 s shows the transmitted soliton, trailed by oscillatory waves which can clearly be identified by the fact that the wave profile passes the still water level. The reflected soliton reaches the boundary and will be reflected. At t = 35 s the transmitted waves are dispersed, but the type of the waves -leading soliton and trailing oscillatory waves -has not changed. The number of only one transmitted soliton is constant.
The analysis of the influence of the reef width b r has shown that very narrow reefs do not cause any bore generation or soliton fission. In the simulations, the minimum reef width at which a second soliton is generated is 
SUMMARY AND OUTLOOK
Systematic numerical model tests using submerged reefs with "infinite" and finite width have been analysed using the Nonlinear Fourier Transform (NLFT). In the analysis of the obtained data from numerical simulations with high reef with infinite width the NLFT is able not only to determine the separated solitons in front of the undular bore. The nonlinear analysis algorithm also reliably provides the correct soliton wave heights of the undular waves in the bore. The maximum number of solitons N sol provided by NLFT is larger than N sol from available approaches. The analysis of the data with bores leads to the generation of additional solitons in the NLFT. This problem is known and has to be considered during the interpretation of the analysis results. If the data do not contain bores, the NLFT can reliably quantify the correct number and height of the solitons.
The comparison of the simulation data with different incident wave height over an infinite reef shows that the number of separated solitons also depends on the incident wave height. The available design formulae for the number of solitons (Equations (1) - (3) Madsen et al. (2008) stated that solitons "may steepen and disintegrate into an undular bore" when they approach the coast. But they have seen "no evidence that this can develop into a leading soliton". The analyses show that the bore has to propagate at least 4.3 to 7.1 times the incident solitary wave length before the first soliton will be fully dispersed from the bore. Considering the prototype length of a real tsunami, this means that soliton fisson is "not relevant for geophysical tsunamis" (Madsen et al., 2008) .
Nevertheless, the analysis of soliton fission well illustrates the capability of NLFT for the analysis of nonlinear solitary waves. This method explicitly considers solitons and cnoidal waves as basic components for the analysis. The NLFT reliably identifies solitons and undular bores from data of incident solitary waves and transmitted wave trains. The analysis results have been confirmed by available formulae for infinite reefs and by visual observation of the analysed wave trains. The NLFT is able to identify solitons from undular bores even if the solitons have not yet fully dispersed from the bore. The NLFT has proved to be a powerful advanced analysis method for the analysis of nonlinear waves.
In the analyses presented here the local processes at the beginning of the reef, such as the type of wave breaking, is assumed to be negligible for the number of transmitted solitons behind the reefs. But the analyses showed clearly that the generation of the undular bore, that strongly affects the soliton fission and the number of solitons, depends on the reef height. For further detailed analyses the type of wave breaking should also be considered.
